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Higher angular momentum pairing from transverse gauge interactions

Pairing in half-filled Landau level, HLR  theory
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Specific heat and pairing of Dirac composite fermions in the half-filled Landau level



• Fermions coupled to emergent gauge fields—spin liquids, 
normal state of cuprates, half-filled Landau level, etc. 


• A well defined model for a non-fermi liquid


• Attraction from repulsion—unlike Kohn and Luttinger, 
superconductivity takes place at a finite coupling— dynamic 
screening and the attraction is in the frequency domain


• Quantum phase transition between a composite Fermi liquid 
to a superconductor


• Comparison between HLR theory and Son theory ⌫ = 1/2



Non relativistic fermions coupled to a transverse U(1) 
gauge field

Holstein, Norton and Pincus, Phys. Rev. B 8, 2649 (1979) 

• A beautiful example of a non-fermi liquid


• Specific heat in 3D:  


• A renormalization group analysis in 2D: Chakravarty, 
Norton, Syljuasen Phys. Rev. Lett. 74, 1423 (1995), also 
shows non-fermi liquid behavior 
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Superconductivity ?
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Similar results in 2D
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Half-Filled Landau level—Son Composite fermion 
theory
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Projection operator is necessary. Otherwise one  will mix particles near the CF Fermi  
surface with their antiparticles buried deep in the Dirac sea.       is a scalar field at the 

Fermi surface 
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We are ultimately interested in the pairing of                           for which we 
use angular momentum            , while for                we use      

P (+)
~k

 (k)
�(k)` `0

↵ =
vF kF

e2kF /✏r

The relation between            and                 depends on whether or not pairing is in the singlet 
or triplet channel

` `0

The ratio between kinetic to potential energy drives the 
quantum phase transition
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Order Parameter Symmetry
�̂ = [�s(k) + d(k).�]i�2

The singlet and triplet channels are approximately decoupled for low energies
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Half-filled Landau level—Halperin, Lee, Read theory

Pairing  of composite fermions in  half-filled Landau level state is 
reexamined by  solving the BCS gap equation with full frequency 

dependent effective interactions. Our results show that there can be a 
continuous transition from the Halperin-Lee-Read state to a chiral odd 

        Cooper pairing state for both short-range contact interaction and 

long-range Coulomb-like interaction, contradicting the conclusion of a first 
order pairing transition for short range interaction obtained by Bonesteel 

[Phys. Rev. Lett. {\bf 82}, 984 (1999)], in which the full frequency 
dependence of the effective interaction was not taken into account. We  
construct the phase diagrams for both short and long range interaction 

cases and show that they can be quite different from each other for angular 
momentum channels             . Remarkably,  full frequency dependent 
analysis applied to the bilayer Hall system with a total filling fraction 


                           does not change the qualitative conclusions of  Bonesteel, 
McDonald and Nayak [Phys. Rev. Lett. 77, 3009 (1996)].
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⌫ = 1/2 + 1/2
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The details are similar but too complex to discuss in a 
short time.
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Repairing Nambu - Dyson by Eliashberg

Although numerical details are a different but the 
qualitative answers are the same. 



Z—factor and vertex correction

Calculations have been refined to include the Z-factor 
and the vertex correction. The previous results stand 

intact with little numerical effects

For these classes of problems the vertex correction can 
be shown to be zero from Ward identity. Thus 

Eliashberg equation is on firm grounds.



Consider the Hall conductivity of composite fermions in the 
presence of quenched disorder using the non-relativistic theory of 
Halperin, Lee and Read (HLR). Consistent with the recent analysis 
of Wang et al., a fully quantum mechanical transport calculation, 
the HLR theory, under suitable assumptions, exhibits a Hall 
response                            that is consistent with an emergent 
particle-hole symmetric electrical response. Remarkably, this 
response of the HLR theory remains robust even when the disorder 
range is of the order of the Fermi wavelength.

Kumar, Raghu and Mulligan, arXiv 1803.077767
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Nicholas Rombes and S. C. unpublished

Low temperature specific heat for the Son CF is 
C / T lnT

<latexit sha1_base64="gUdrI9QsPEyI3vtjyHaao0tRsBw=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBD0We/FYoV/QLiWbZtvQbLIkWaWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZemHCmjed9O4WNza3tneJuaW//4PDILR+3tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsJJfe53HqjSTIqmmSY0iPFIsIgRbKw0cMt11E+UTIxETdTnAjUHbsWregugdeLnpAI5GgP3qz+UJI2pMIRjrXu+l5ggw8owwums1E81TTCZ4BHtWSpwTHWQLU6foXOrDFEklS1h0EL9PZHhWOtpHNrOGJuxXvXm4n9eLzXRTZAxkaSGCrJcFKUc2UfnOaAhU5QYPrUEE8XsrYiMscLE2LRKNgR/9eV10r6s+l7Vv7+q1G7zOIpwCmdwAT5cQw3uoAEtIPAIz/AKb86T8+K8Ox/L1oKTz5zAHzifP64ekvY=</latexit><latexit sha1_base64="gUdrI9QsPEyI3vtjyHaao0tRsBw=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBD0We/FYoV/QLiWbZtvQbLIkWaWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZemHCmjed9O4WNza3tneJuaW//4PDILR+3tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsJJfe53HqjSTIqmmSY0iPFIsIgRbKw0cMt11E+UTIxETdTnAjUHbsWregugdeLnpAI5GgP3qz+UJI2pMIRjrXu+l5ggw8owwums1E81TTCZ4BHtWSpwTHWQLU6foXOrDFEklS1h0EL9PZHhWOtpHNrOGJuxXvXm4n9eLzXRTZAxkaSGCrJcFKUc2UfnOaAhU5QYPrUEE8XsrYiMscLE2LRKNgR/9eV10r6s+l7Vv7+q1G7zOIpwCmdwAT5cQw3uoAEtIPAIz/AKb86T8+K8Ox/L1oKTz5zAHzifP64ekvY=</latexit><latexit sha1_base64="gUdrI9QsPEyI3vtjyHaao0tRsBw=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBD0We/FYoV/QLiWbZtvQbLIkWaWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZemHCmjed9O4WNza3tneJuaW//4PDILR+3tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsJJfe53HqjSTIqmmSY0iPFIsIgRbKw0cMt11E+UTIxETdTnAjUHbsWregugdeLnpAI5GgP3qz+UJI2pMIRjrXu+l5ggw8owwums1E81TTCZ4BHtWSpwTHWQLU6foXOrDFEklS1h0EL9PZHhWOtpHNrOGJuxXvXm4n9eLzXRTZAxkaSGCrJcFKUc2UfnOaAhU5QYPrUEE8XsrYiMscLE2LRKNgR/9eV10r6s+l7Vv7+q1G7zOIpwCmdwAT5cQw3uoAEtIPAIz/AKb86T8+K8Ox/L1oKTz5zAHzifP64ekvY=</latexit><latexit sha1_base64="gUdrI9QsPEyI3vtjyHaao0tRsBw=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBD0We/FYoV/QLiWbZtvQbLIkWaWs/SlePCji1V/izX9j2u5BWx8MPN6bYWZemHCmjed9O4WNza3tneJuaW//4PDILR+3tUwVoS0iuVTdEGvKmaAtwwyn3URRHIecdsJJfe53HqjSTIqmmSY0iPFIsIgRbKw0cMt11E+UTIxETdTnAjUHbsWregugdeLnpAI5GgP3qz+UJI2pMIRjrXu+l5ggw8owwums1E81TTCZ4BHtWSpwTHWQLU6foXOrDFEklS1h0EL9PZHhWOtpHNrOGJuxXvXm4n9eLzXRTZAxkaSGCrJcFKUc2UfnOaAhU5QYPrUEE8XsrYiMscLE2LRKNgR/9eV10r6s+l7Vv7+q1G7zOIpwCmdwAT5cQw3uoAEtIPAIz/AKb86T8+K8Ox/L1oKTz5zAHzifP64ekvY=</latexit>

Same as in HLR theory
Tempting to speculate that Son CF theory is subsumed by 

HLR theory !!!



No particle-hole symmetric Pfaffian state as suggested 
by Son

Recall
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